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Abstract

The problem of statistical hypothesis testing consist of a decision problem in which the objective is to choose a
statistical hypothesis between two hypotheses. Each of these hypotheses defines a specific subset of the parameter
space. Usually, some of these subsets do not have the same dimension and this makes it difficult to compare them.
Among several approach to this problem, we discuss a solution based in weighted likelihoods which are defined
under the subset of the parameter space specific to each hypothesis. This idea was initially proposed by (Irony and
Pereira, 1995).
This proposal aims to avoid the "Statistical Paradox" showed by Lindley (1957) and the misuse of canonical values
of significance. Adaptive significance levels are applied to compare the means of two Poisson distributions with
unknown parameters. For this propose, the analysis is carried out by conditioning on a suitable statistic in order to
make use of Berger and Wolpert’s principle of the non-informative nuisance parameter J. and R. (1988).

Statistical Model

Let x € X C R° denote the data obtained as result of an experiment and A € ) C R" the unknown
parameter that identifies the function f(x|\), where X and ¢) are the sample space and parameter
space respectively. Suppose that we can partition €2 as €2 = (21 U €9, where, 21 () €29 = (). Hence, we
are concerned 1n testing the following hypotheses:

H: Aef)
A e )

In addition, let L(A|x) be the likelihood function for A generated by x. A prior A has probability
density function 7(\) on the entire parameter space ..

Weighted Likelihoods

The proposed test is based on the prior predictive functions fz7(x) and f4(x) as evidence measures
of the data  under each hypothesis, H and A, where:

fir(®) = B(LAR)IA € Q) and fal@) = E (LA2)|A € O) @)

Thus, the Bayes factor in favor of H is given by BF'(x) = ﬁ g; Let 6* be a test such that:

5*:{13F@y<wa )

0 otherwise,

with a,b > 0. The type I and II error probabilities a5« and s+ are Adaptive Significance levels
given by:

sy = Y ful®) and B = > falx) (4)

reX: reX:
F(x)<b/a BF(z)>b/a

In addition, if the value x is observed, the P-value(x() index is given by

P-value(x() = Z fr(x)

reX:
fu(z)>BF(x0)x fa(x)

NNP Principle

Suppose that A = (A1, A2) and the likelihood function L(A|z) can be factorized as

L(Alz) = L' (\|z) x L*(Ao|z) (5)

Definition 1 J. and R. (1988): Suppose [/ is an experiment such that (5) 1s satisfied. Let E9 be the
"thought" experiment in which, in addition to x, A9 is observed, in this case the parameter is A1. Then
A9 is a noninformative nuisance parameter if Fv(FEo, (x, A2)) is independent of \.

The NNP principle states that if /7 is as in (5) and A9 is as noninformative nuisance parameter

as 1n definition 1, then
Ev(Ey,x) = Ev(Ey, (z, A9))

that 1s, if one were to reach the identical conclusion for every Ao, were Ao known, then that the same
conclusion should be reached even if Ao 1s unknown (J. and R. (1988)).

Poisson means comparison

We shall test equality of two Poisson means. For this, let x = (7, x9) be the independent obser-
vations that follow a Poisson distribution with parameters A\; and Ao respectively, where A\ € (),
Ay € ()9 and 2 = ()1 x {)». The hypotheses of equality of means can be formulated as in (1):

Qo = {(A1, A2) 1 A1 = Ao}

The likelihood function for this problem The prior distribution for A can be expressed
1s given by by

)\331)\515‘2 pet €
LA :_1_2 _>\1 _)\2 A —
Ale) = Tt " = rTE

In this way, the prior predictive functions (2) under each hypothesis 1s given by

)\ib—l)\g—le—)\lbe—)\gd

Fri(x) = /Q LAz)m(AX € )P r(A) falz) = /Q L\z)r(AIA € 95)dP 4(A)

11 F(:I:1+x2+a+c—1)(b+d)(“+c_1) _ b dc 11 [(z1+a) T(xotc)
ol (brdH-2) 1 tratate- DT (e —1) [(a)(c) z1!wo! (14b)1+9) (1) (z2t)

When a = b = ¢ = d = 1, the posterior odds in favor of H are given by:

<£l71—|—5132)
BF(x) =2 x (1) (5”’1 N xz)
2 T
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The test introduced by Irony and Pereira (1995) and Pericchi and Pereira (2016) meets the NNP
principle presented before. To apply the NNP principle in this case, we need conditioning in some
statistics such that the likelihood can be factored as in (5). Then,

P(X1 =21, X9 = 29|A) =P(X1 = 21| X1 + Xo = 21 + 29, \) P(X1 + X9 = 11 + 22|A)

n )\1 X1 )\2 X2 6-()\1+)\2>()\1 e )\2>$1—|—332
B <371> ()\1 + >\2> ()\1 + >\2> (1 + 29)!

Consequently,
ww (") () ) e o
B 1 A+ A9 A+ A9 (331 + xg)!
Consider now the re-parametrization
Al
= ; = A1 + A\9; 7
LA VI V2 = A1+ A2 (7)

with, 2 — A = [0,1] x R4, where 71 € Ay, 79 € Ag and A = Ay x Ay. This new parametrization
allows the likelihood (6) to be written as

L{y|z) =L (y1|z) L*(y2|z) 8)

Hence, from the NNP principle, it is not necessary to take into account L?(ys|2) to make inferences
concerning ;. Thus, suppose that the prior distribution for +; can be given by

F(a + C) a—1 —1
— 1 — ~71)€
Note that with the re-parametrization the hypotheses (1) are rewritten as
H v €A
N ©)

with Ag = {1/2} x As. Under H', 7(~y;) has degenerate distribution at 1/2, hence, m(y;|y; = 1/2) =
1. The prior predictive functions under each hypothesis 1s given by

/ :L:E — 1 2
f(x) (11|-’L"71 /2) fa(x) —/A L' (mle)m (yi]y1 € A1) dP 4(7)
_ (%1122 T1+To 1
( T ) <1/2> _ (CL’l + 5132) F(& + b) /1 f}/lxl_ka—l (1 . ,yl)SEQ—i—b—l d,yl
1 ) T(a)l'(b) Jo

As aresult, when a = b = ¢ = d = 1, the posterior odds in favor of H are given by

(SIZH—ZCz)
BF(z) () + 19+ 1) (1) (‘”1 ! ‘”) (10)

2 1

The adaptive significance level a and the P-value are computed for different sample sizes in the
case when L(v|z) is used and when the NNP principle is applied (L' (7;|z) is used):
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Figure 1: Adaptive a and P-value for different sample sizes taking into Figure 2: Adaptive a and P-value for different sample sizes following the
account all parameters. NNP principle.

From Figure 1 and 2 the P-value is always smaller than o.. Consequently, the conclusion will be the
same 1n both cases.

Remarks

e To apply NNP principle to the procedures based on weighted likelihoods are make it easier to test
"sharp" hypotheses: to compare Poisson means reduce to test a simple hypothesis.

e Optimal significance level decreasing as the sample size increases. This i1s helpful when there 1s
interest to estimate the sample size. For instance, in the Figure 1 we can see that to achieve a level
of significance smaller than 0.02 the minimum sample size should be 120.
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